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Abstract
It is shown that the projective measurements made by Bob who locates near the event horizon of
the Schwarzschild black hole will create entangled particles detected by Alice who stays stationary
at the asymptotically flat region. It is found that the degree of entanglement decreases as the
frequency of the detected particles increases and approaches to zero as the frequency ωk → ∞.
It is also noted that the degree of entanglement increases as the Hawking temperature increases.
Especially, the particle state is unentangled when the Hawking temperature is zero and approaches
a maximally entangled Bell state when the black hole evaporates completely.
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I. INTRODUCTION
Quantum entanglement lies at the heart of quantum information theory, with applications
to quantum computing, teleportation, and communication. It is widely accepted that under-
standing the entanglement in a relativistic framework is not only of interest to the quantum
information, but also plays an important role in the black hole physics [1, 2]. Thus, much
attention has been focus on the study of the quantum information in a relativistic setting
[3–15]. Recently, it was found that, due to the Unruh effect [16], the projective measure-
ments made by the accelerated observer can generate real particles detectable by the inertial
observer both in the cases of the scalar [17] and Dirac [18] fields. Furthermore, as shown in
[18], the entanglement of the produced state increase as the observer’s acceleration increase.
As a further step along this line, the aim of this paper is to investigate how the projective
measurements made by the observer who locates near the event horizon of the Schwarzschild
black hole affect the Dirac particle state detected by observer who stays stationary at the
asymptotically flat region and how the Hawking temperature [19] change the properties of
the entanglement. Our scheme can be set up by two observers, Alice and Bob, together
with their associated detectors. After the coincidence of Alice and Bob at the same initial
point in an asymptotically flat region, Alice stays stationary at the flat place, while Bob
falls toward the Schwarzschild black hole and hovers at a fixed finite nearest distance away
from the horizon with uniform acceleration. As a result of the Hawking effect, Bob will
perceive a Fermi-Dirac distribution of particles and antiparticles in the Kruskal vacuum.
Then we let Bob make a standard von Neumann projective measurement (measuring the
particle number)[17, 18] and figure out what Alice obtains. It is worth mentioning that if
we let Bob always free fall, the projective measurement made by him also have an affect
on Alices state. However, this is in fact another issue because Bob could not observes the
existence of the event horizon.
The outline of the paper is as follows. In Sec. 2 we discuss the features of quantum field
theory in the Schwarzschild spacetime and the Hawking effect for the Dirac particles. In
Sec. 3 we analyze the effects of the projective measurements on the generation of entangled
fermions in the Schwarzschild spacetime. We will summarize and discuss our conclusions in
the last section.
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II. VACUUM STRUCTURE AND HAWKING RADIATION FOR DIRAC FIELDS
The metric for the Schwarzschild spacetime is given by
ds2 = −
(
1− 2M
r
)
dt2 +
(
1− 2M
r
)−1
dr2 + r2(dθ2 + sin2θdϕ2), (1)
where the parameter M represents the mass of the black hole. Throughout this paper we
use G = c = ~ = κB = 1. Introducing a tortoise coordinate
r∗ = r + 2M ln
r − 2M
2M
, (2)
and defining the advanced time v and retarded time u as
v = t+ r∗ u = t− r∗, (3)
we obtain the generalized light-like Kruskal coordinates U and V for the Schwarzschild black
hole [23]
u = −4M ln(− U
4M
), v = 4M ln(
V
4M
), if r > r+; (4)
u = −4M ln( U
4M
), v = 4M ln(
V
4M
), if r < r+; (5)
where U and V are regular across the past and future horizons of the extended spacetime.
For the Schwarzschild spacetime the Dirac equation [20]
[γaea
µ(∂µ + Γµ)]Ψ = 0, (6)
can be written as
− γ0√
1− 2M
r
∂Ψ
∂t
+γ1
√
1− 2M
r
[
∂
∂r
+
1
r
+
M
2r(r − 2M)
]
Ψ
+
γ2
r
(
∂
∂θ
+
1
2
cot θ)Ψ +
γ3
r sin θ
∂Ψ
∂ϕ
= 0.
(7)
If we re-scale Ψ as
Ψ = (1− 2M
r
)−
1
4Φ, (8)
and use an ansatz for the Dirac spinor
Φ =

 iχ(±)1 (r)r φ±jm(θ, ϕ)
χ
(±)
2 (r)
r
φ∓jm(θ, ϕ)

 e−iωt, (9)
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with spinor angular harmonics
φ+jm =


√
j+m
2j
Y
m−1/2
l√
j−m
2j
Y
m+1/2
l

 , (for j = l + 1
2
), (10)
φ−jm =


√
j+1−m
2j+2
Y
m−1/2
l
−
√
j+1+m
2j+2
Y
m+1/2
l

 , (for j = l − 1
2
), (11)
we find that the cases for (+) and (−) in the functions χ(±)1 and χ(±)2 can be put together,
and then the decoupled equations can be expressed as
d2χ1
dr2∗
+ (ω2 − V1)χ1 = 0, (12)
d2χ2
dr2∗
+ (ω2 − V2)χ2 = 0, (13)
with
V1 =
√
1− 2M
r
|K|
r2
(
|K|
√
1− 2M
r
+
r − 3M
r
)
,
(
K = −j − 1
2
, j = l − 1
2
)
, (14)
V2 =
√
1− 2M
r
|K|
r2
(
|K|
√
1− 2M
r
− r − 3M
r
)
,
(
K = j +
1
2
, j = l +
1
2
)
. (15)
Solving Eqs. (12) and (13) near the event horizon, we obtain χ1 = χ2 = e
±iωr∗ . Hereafter
we will use the wavevector k labels the modes. Particles and antiparticles will be classified
with respect to the future-directed timelike Killing vector in each region [10]. Thus, for the
outside and inside region of the event horizon, the positive (fermions) frequency outgoing
solutions are found to be [23]
ΨI+
k
= Ge−iωu, (16)
ΨII+
k
= Geiωu, (17)
where
G =

 i(r4 − 2Mr3)− 14φ±jm(θ, ϕ)
(r4 − 2Mr3)− 14φ∓jm(θ, ϕ)

 (18)
is a 4-component Dirac spinor.
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Since the modes ΨI+
k
and ΨII+
k
are analytic outside and inside the event horizon respec-
tively, they form a complete orthogonal family. Thus, in terms of these bases the field Ψout
can be expanded as
Ψout =
∑
σ
∫
dk[aσ
k
Ψσ+
k
+ bσ†
k
Ψσ−
k
], (19)
where σ = (I, II), aI
k
and bI†
k
are the fermion annihilation and antifermion creation operators
acting on the state of the exterior region, and aII
k
and bII†
k
are the fermion annihilation and
antifermion creation operators acting on the state of the interior region of the Schwarzschild
black hole, respectively.
On the other hand, by making an analytic continuation for Eqs. (16) and (17), we find
a complete basis for positive energy modes which analytic for all real U and V according to
the suggestion of Domour-Ruffini [23]
F
I+
k
= e2piMωkΨI+
k
+ e−2piMωkΨII−−k , (20)
F
II+
k
= e−2piMωkΨI−−k + e
2piMωkΨII+
k
. (21)
Thus, we can also quantize the Dirac field in the Kruskal spacetime as
Ψout =
∑
σ
∫
dk[2 cosh(4piMωk)]
−1/2[cσ
k
F
σ+
k
+ dσ†
k
F
σ−
k
], (22)
where cσ
k
and dσ†
k
are the annihilation and creation operators acting on the Kruskal vacuum.
Eqs. (19) and (22) represent the decomposition of the Dirac field in Schwarzschild and
Kruskal modes respectively, so we can easily get the Bogoliubov transformations [10]
 cσk
d
σ†
−k

 = V

 aσk
b
σ†
−k

V −1, (23)
where V = exp
[
r
(
a
I†
k
b
II†
−k + a
I
k
bII−k
)]
is a two-mode Dirac squeezing operator.
Then we assume that the Kruskal vacuum |0k〉+K is related to the vacuum of the black
hole |0k〉+I |0−k〉−II by
|0k〉+K = ̥(aIk, aI†k , bII−k, bII†−k)|0k〉+I |0−k〉−II . (24)
From [aI
k
, a
I†
k
] = [bII−k, b
II†
−k ] = 1 and c
I
k
|0k〉+K = 0, we get [13, 14, 16]
̥ ∝ exp
(
e−4piMωka
I†
k
b
II†
−k
)
. (25)
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After properly normalizing the state vector, the Kruskal particle vacuum state for mode k
is found to be
|0k〉+K = (e−8piMωk + 1)−
1
2 exp
(
e−4piMωka
I†
k
b
II†
−k
)
|0k〉+I |0−k〉−II , (26)
where {|n−k〉−II} and {|nk〉+I } are the orthonormal bases for the inside and outside region of
the event horizon respectively, and the {+,−} superscript on the kets is used to indicate
the particle and antiparticle vacua.
A formal expression for the total Kruskal particle vacuum is obtained by using Eq. (26)
for each mode
|0〉+K =
∏
k
(e−8piMωk + 1)−
1
2 exp
(
e−4piMωka
I†
k
b
II†
−k
)
|0k〉+I |0−k〉−II . (27)
Similarly, the total Kruskal antiparticle vacuum takes the form
|0〉−K =
∏
k
(e−8piMωk + 1)−
1
2 exp
(
− e−4piMωkbI†
k
a
II†
−k
)
|0k〉−I |0−k〉+II . (28)
Then, the full Kruskal vacuum is |0〉K = |0〉+K|0〉−K, which corresponds to the absence of
particles and antiparticles as detected by the Kruskal observer.
When Bob travels through the Kruskal vacuum, his detector registers the number of
particles
N2ω =
1
e8piMω + 1
=
1
eω/T + 1
, (29)
which shows that the observer in the exterior of the black hole detects a thermal Fermi-
Dirac distribution of particles. Here we have defined the Hawking temperature as T = 1
8piM
[25, 26].
III. GENERATING ENTANGLED FERMIONS BY PROJECTIVE MEASURE-
MENTS
We now study the relationships between projective measurements and the generation of
entangled particles in the background of the Schwarzschild black hole. The vacuum (27)
could be rewritten as
|0〉+K = (e−ωk/T + 1)−
1
2 exp
(
e−
ω
k
2T a
I†
k
b
II†
−k
)
∏
k′ 6=k
(e−ωk′/T + 1)−
1
2 exp
(
e−
ω
k′
2T a
I†
k′
b
II†
−k′
)
|0k′〉+I |0−k′〉−II
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Now supposing that Bob performs a measurement on this state and detects one particle in
the mode k, then the state will be projected to the single particle state
|Φ+(k)〉B = Pk
∏
k′
(e−ωk′/T + 1)−
1
2 exp
(
e−
ω
k′
2T a
I†
k′
b
II†
−k′
)
|0k′〉+I |0−k′〉−II , (30)
where Pk is defined as
Pk = (e−ωk/T + 1) 12aI†k bII†−k exp
(
− e−ωk2T aI†
k
b
II†
−k
)
. (31)
Then we switch back to the Alice’s frame to figure out what she obtains [17, 18]. After
some calculations for the Bogoliubov transformation, we obtain
|Φ+(k)〉 = V −1|Φ+(k)〉B (32)
= (eωk/T + 1)−
1
2 |0˜k〉+|0˜−k〉− + (e−ωk/T + 1)− 12 |1˜k〉+|1˜−k〉−,
where |1˜k〉+ and |1˜−k〉− are single particle and antiparticle excitation in Alice’s detector.
We see that from Alice’s perspective, the state is a superposition of the vacuum and pair
production of fermions an antifermions at frequency ωk. The physical mechanism of this
process can be given as follows. As a result of the Hawking effect, Bob will perceive a
Fermi-Dirac distribution of particles and antiparticles. Since only a thermal bath in the
accelerated frame corresponds to vacuum obtains by Alice [17], a measurement by Bob will
destroy the purely thermal nature of the field, then Alice can no longer obtain a vacuum
state.
In the case of a supermassive or an almost extreme black hole (T → 0), the state |Φ+(k)〉
approaches to
lim
T→0
|Φ+(k)〉 = |1˜k〉+|1˜−k〉−. (33)
It is interesting to note that the projective measurement made by Bob also created particles
detectable by Alice in the case of T → 0, but this particle state is unentangled in this case.
And in the limit T → ∞, which corresponds to the case of the black hole evaporates
completely, the state |Φ+(k)〉 approaches a maximally entangled Bell state
lim
T→∞
|Φ+(k)〉 = 1√
2
(
|0˜k〉+|0˜−k〉− + |1˜k〉+|1˜−k〉−
)
. (34)
It is well known that the degree of bipartite entanglement can be quantified uniquely for
pure states by the partial entropy of entanglement, defined as the von Neumann entropy
7
[9, 27]
Ep(|ψ〉) = S(ρA) = S(ρB) = −
∑
i
λi log2 λi. (35)
where ρA (or ρB) is the reduced density matrix of subsystem A (or B), and λi is the ith
eigenvalues of ρA or ρB.
The state (32) can be represented by the density matrix
ρk = (e
ωk/T + 1)−1|0˜0˜〉〈0˜0˜|+ (eωk/T + e−ωk/T + 2)− 12 |0˜0˜〉〈1˜1˜|
+(eωk/T + e−ωk/T + 2)−
1
2 |1˜1˜〉〈0˜0˜|+ (e−ωk/T + 1)−1|1˜1˜〉〈1˜1˜|, (36)
where |n˜m˜〉 = |n˜k〉+ ⊗ |m˜−k〉−. In order to find the partial entropy of the state, we trace
out one subsystem of the density matrix and obtain
ρ+
k
= Tr−(ρk) = (e
ωk/T + 1)−1|0˜〉〈0˜|+ (e−ωk/T + 1)−1|1˜〉〈1˜|, (37)
where |n˜〉 = |n˜k〉+. From which the partial entropy of entanglement is found to be
Ep[|Φ+(k)〉] = log2(eωk/T + 1) + (e−ωk/T + 1)−1 log2(e−ωk/T ). (38)
The behaviors of the partial entropy of entanglement as a function of the frequency of the
detected particles and the Hawking temperature T are illustrated Fig.1. We find that, in
the case of a supermassive or an almost extreme black hole (T → 0), the degree of entangle-
ment is zero, which verifies that the state is an uncorrelated pure state. The state always
entangled for nonzero Hawking temperature, and higher Hawking temperature producing
more entanglement. As T → ∞, corresponding to the case of the black hole evaporates
completely, the degree of entanglement is Ep[|Φ+(k)〉] = 1, which just verifies that the state
in this case is the maximally entangled Bell state.
If Bob detects an antiparticle in mode k, the resulting state can be simplifies to
|Φ−(k)〉 =
[
(eωk/T + 1)−
1
2 − (e−ωk/T + 1)− 12dI†
k
c
II†
−k
]
|0˜k〉−|0˜−k〉+, (39)
which is entangled in the occupation number of the antiparticle mode k and the particle
mode −k. This state also approaches a new Bell state
lim
T→∞
|Φ−(k)〉 = 1√
2
(
|0˜k〉−|0˜−k〉+ + |1˜k〉−|1˜−k〉+
)
, (40)
when the black hole evaporates completely. And it approaches the uncorrelated pure state
lim
T→0
|Φ−(k)〉 = |1˜k〉−|1˜−k〉+ (41)
in the case of supermassive or an almost extreme black hole.
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FIG. 1: The degree of entanglement as a function of the frequency of the detected particles ωk and
the Hawking temperature T . It demonstrates that only the lower frequency particles are highly
entangled. As the frequency ωk →∞, the degree of entanglement decreases to zero.
IV. SUMMARY
Building on the well-known Hawking effect, we have discussed the effects of projective
measurements on the generation of entangled particles between two Dirac modes. It is
shown that the projective measurements made by Bob who falls toward a Schwarzschild
black hole will create entangled particles detected by Alice who stays stationary at the
asymptotically flat region. The physical mechanism of this process is that once Bob makes
a measurement, he destroys the purely thermal nature of the field, then Alice no longer
obtains vacuum. We have demonstrated that only the lower frequency particles are highly
entangled. As the frequency ωk → ∞, the degree of entanglement decreases to zero, that
is to say, the state is an unentangled pure state. It is interesting to note that, when the
Hawking temperature is zero, i.e., the case of supermassive or an almost extreme black
hole, the projective measurement also created particles detectable by Alice, but the state is
unentangled in this case. For nonzero Hawking temperature, the state is always entangled
9
and its degree of entanglement increases as the Hawking temperature increases. In the limit
of infinite Hawking temperature, i.e., the black hole evaporates completely, the degree of
entanglement is exactly one, which just indicates that a maximally entangled Bell state is
produced.
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